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Abstract

This paper presents a formal account of the concept of in-
place updates in purely functional languages. In purely func-
tional languages, updates of abstract objects involve creat-
ing duplicates of these objects. This paper reviews static
conditions, which, if satisfied by A-terms, guarantee that,
even if updates are performed in-place, the purely functional
semantics is retained. These static conditions, however, fail
to guarantee the requisite safety in the presence of control
operators like callcc and throw. The conditions are hence
augmented by another condition which is defined on the
operational semantics. Here we statically verify the satisfi-
ability of a conservative approximation of this condition by
data-flow analysis on CPS-terms. Also a significant class
of programs is identified for which the condition holds even
without data-flow analysis.

1 Introduction

Operational Semantics for functional languages can be de-
fined without reference to a store of any kind. How-
ever these languages are implemented on von-Neumann ma-
chines, which have store-based architectures. If the language
contains abstract data-types with update operations defined
on such data-types, the actual implementations of the lan-
guage in fact return a new copy of an abstract object on
an update operation: there are no mutating operations per-
formed in the memory. If the abstract object is something
like an array, then this copy operation becomes very expen-
sive. But if we can specify static conditions that guarantee
that generating a new copy on an update and updating the
object in the memory itself always produce the same result,
then we have effectively changed the cost of the run-time
update operation from the size of the object to a constant.

Such conditions were presented in [8] in context of deno-
tational semantics. In the Scott-Strachey [10] denotational
definition of a programming language, the denotation of a
program is defined as a function from Store to Store. In
[8] Schmidt proves an implementation of the denotational
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definition need not pass the store around as a parameter,
instead it can be replaced by a single global variable, which
could be updated in-place. A predicate on programs, single-
threadedness, was defined. Programs satisfying this predi-
cate have their denotations preserved under the implemen-
tation.

This paper re-phrases the above theorem in the language
of A-calculus, stating much more explicitly the meaning of
in-place updates. The predicate single-threadedness is ex-
actly the one Schmidt states. It is shown that, in the pres-
ence of control operators, callcc and throw, satisfiability of
single-threadedness does not imply that in-place updates are
safe. An additional condition required to ensure the safety of
in-place updates without being overtly restrictive is defined
on the operational semantics, and its correctness is proved.
The technique of data-flow analysis is used to verify stati-
cally that a conservative approximation of this condition is
satisfied.

Like Schmidt, this paper addresses programs that con-
tain a single array/abstract data-type initially and the pro-
gram performs a multitude of update and selection oper-
ations on this array in the course of its execution. In the
terminology of [7], it is the single-Is pebbling situation. This
is not a restrictive assumption: it allows a large number of
programs of interest such as various sorting programs and
programs that use an array as a global variable.

The fundamental principle involved in safe in-place up-
dates is simple: when an abstract value is being updated,
there must be no other reference to this value. This is
exactly the way the problem is addressed in [3]. Hudak
presents a finite abstraction for a first order language: it is
not clear what a finite abstraction should be for a higher-
order language. In the presence of callcc and throw, the com-
plexity of the problem increases, as a user-level program rep-
resents a continuation as a variable that is bound to the rest
of the computation at run-time. So the approach chosen in
this paper is a more syntactic one. If the user-program sat-
isfies the initial conditions, then, at an update at run-time,
the reference count of the abstract value is indeed one.

2 Syntax and Semantics of the Functional Language

2.1 Syntax of the Language

The simply-typed A-calculus along with a mutable abstract
data-type T is considered as the functional language. The
definition given below follows [4]:
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Definition: A mutable abstract data-type T is one in which
each operation can be classified as either a generator of type
Xi — 7, a mutator of type X2 — 7 — 7 or a selector of type
Xz — 7 — X4, where X, # 7 are types in the language.

Our language does not contain tuple types. Hence all
functions are curried versions: the types X,, in the definition
above, need to be ‘curried’ in the language. As shown in
Pigure 1, a curried version of tnt array in SML/NJ, may be
considered as a mutable abstract data-type.'

Considering int array as the prototype, it is assumed
(without loss of generality) that 7 has three operations: the
generator G :int — int — 7, the mutator M : int — int —
7 — 7 and the selector S : int — r — int. This paper
considers a typed language with the standard typing rules:
[2] is a standard reference.

The functional language of interest is specified by the
following grammar:

Miu=i|lg|A|M|S|Az:n. M| MM
Vimilao | A| M]S| Azin. M| Mi| Mij|Si

where ¢ is a variable representing the integers and V is a
subset of the terms M, representing the values in the lan-
guage. A is a variable representing a value of the abstract
data-type 7. Symbols A , A’ , A" all represent abstract
values of type 7. Note that the language of terms M does
not contain the generator for the type r: this is because
we are interested in the set of terms that contain a single
value of the type = initially, and only update and selection
operations are performed on this value. The terms in the
language are explicitly typed. When types are not relevant,
or are obvious from the context, they are dropped.

2.2 Operational Semantics

As 7 is an abstract type, the concrete structure of a value
of type 7 is not known. The operational semantics for oper-
ations on abstract values of type 7 is defined with the aid of
an interpretor function §. For example, (M i j A) returns
a new value §(M, i, j, A) of type 7. Since the actual se-
mantics of the abstract type is not relevant here, we merely
assume that the interpretor function § returns a value of the
appropriate type.

The operational semantics for this language is given in
the style of [11]. This involves defining a set of redexes,
and an evaluation strategy: how to locate the mext redex
in a term. The redexes in the language are ((Az.M)V),
(Mg A)and (S ¢ A). The evaluation strategy is given by
an evaluation context E[ ], which is a term with a ‘hole’ []
in it. E[] is specified by the following grammar:

E[] == [T (E[)M | V(E[])

The operational semantics defined below is deterministic.

This is because any type-checked term M which is not a
value can be partitioned uniquely into an evaluation context

E[] and a redex R such that M = E[R]. The transition

semantics is as follows:
E[Mij Al — E[A"]

1In fact, array operations in SML/NJ actually perform mutations
i the memory

where A" = §(M, 1,3, A)
E[S i A] — E[j]
where j = (8,1, A)

2.3 Single-Threadedness

The evaluation context E[ ] defines a specific evaluation
strategy for call-by-value. We define a more general con-
text F] as,

FIT a= [T EIDM | M(F[])

Definition: N is an active sub-term of a term M, if N is
not contained under a A in M, i.e. M = F[N].

Definition: N; and N, are disjoint sub-terms of a term
M, if it is the case that neither Ny nor N, is contained in
the other.

Definition: A term E is single-threaded iff all sub-terms
N of E possess the following properties:

A. Non-Interference

1. If N is of type 7 then if N contains disjoint active sub-
terms Ni and Nz of type 7, then Ny = N>, = A or
N; = Ny = v for some variable v.

2. If N is not 7-typed, all active sub-terms of type 7in N
are identical to a particular abstract value or variable.

B. Immediate Evaluation

1.fN = Xz.M : 7 — 7, then all active variables of
type 7 in M are occurrences of z. There are no active
r-typed abstract values in M.

22N = Xz M :m — 72, where ;1 #Z 7, then M
contains no active terms of type 7.

The definition of single-threaded terms applies irrespec-
tive of the constants in the language.

The following important properties of single-threaded
terms are expressed as lemmas. The proofs in most cases
are trivial.

Lemma 2.1 If a single-threaded term M = FE[N], has a
redex N of type 7, then M does not contain any other active
sub-term of type T, disjoint from N.

Lemma 2.2 If (Az. N) 15 a sub-term of a single-threaded
term M, then it does not contain free variables of type T
nor does it contain any abstract value of type 7.

Lemma 2.3 In any closed single-threaded term M, all oc-
currences of absiract values of type v are active. If M con-
tains disjoint active sub-terms My and M, of type r then
M1 = M2 = A.

3 In-place Updates are Safe

Let — denote the n-fold composition of the transition re-
lation — and let ——* denote its transitive closure.

The next two lemmas show that the property of being
single-threaded is preserved under the tramsition semantics
—_,
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val array:int->int->array

the generator, with the first argument stating the

size and the second the initial value.

val update:int->int->array~>array

the mutator, with the first argument giving the

subscript and the second argument the value.

val sub:int->array->int

the selector, with the first argument giving the

subscript

Figure 1: The data-type int array in SML/NJ

Lemma 3.1 Let N be an active sub-term of a single-
threaded term M, i.e M = F[N). Let N’ be a closed term
satisfying the following conditions:

o It is single-threaded,

o It has an active sub-term of type 7 only if N has an
active sub-term of type r.

o If F[ ] contains an active value A of type v and N’
contains an active value A’ of type v, then A = A,

If N is not a value of type r then F[N'] is a single-threaded
term.

Proof: By case analysis on the types of M and N. ]
Lemma 3.2 Let M be a closed single-threaded term. If
M +—* M', then M’ is single-threaded.

Proof: We need to prove the preservation of single-
threadedness over a single step of the reduction process. The
proof for an arbitrary number of steps follows by induction.

Let M = E[N] — M' = E[N']. By Lemma 3.1, M’ is
single-threaded if N' satisfies the following three conditions:

1. It is single-threaded.
2. It has active sub-terms of type r only if N does.

3. If E[ ] contains an active value A of type 7 and N’
contains a value A’ of type 7, then A = A’

There are two non-trivial redexes to consider:

e N=(MijA) — A, where A’ = §(M,1,5, A).
This result follows from Lemma 2.1

N =(Az.P)V — P{z/V},

If V . r then it must be some abstract value A.
P is single-threaded by assumption. By Lemma 2.2,
abstractions do not contain free variables of type 7,
thus z : 7 is not {ree in any abstraction in P. Hence
V : 7 cannot be substituted into the body of any
abstraction in P. Thus abstractions in P{z/V} are
single-threaded. P{z/A} satisfies Condition A, be-
cause Condition A applies for both variables and val-
ues. Thus P{z/A} is single-threaded. Statement (2)
holds as N contains an active term of type 7. By
single-threadedness, E[] can only contain A as an ab-
stract value of type 7. By Lemma 2.2, P contains no
abstract value of type 7, thus P{z/A} can contain only
the value A of type 7. Hence statement(3) is satisfied.

If the single-threaded term V is not of type 7, then
the syntactic structure of values in the language shows
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that it has no active sub-term of type . It is single-
threaded, hence its substitution retains P{z/V} as
single-threaded. (Az. P) is single-threaded. Hence, by
Lemma 2.2, P has no active sub-term of type 7. As
observed earlier nor does V, hence nor does P{z/V}.
Thus statement (2) and (3) do not apply.

a

The preservation of single-threadedness over the reduc-
tion process is not valid in a call-by-name evaluation strat-
egy because an argument to a function even though not of
type 7 may contain a value of type 7, e.g. (S A4) is a valid
argument of type int.

The order of arguments in the type of the constructs M
and & is critical in the proof of Lemma 3.2. If the order
of the arguments in S : int — 7 — int is switched to
S : 1t — mt — nt then S A would be a value of type
int — int but would contain a value of type . Hence single-
threadedness would not be preserved.

By Lemma 2.3, a closed single-threaded term M con-
tains exactly one value of the type = and all its occurrences
are active. Hence to formally handle the operation of in-
place updates in an implementation, we may store this sin-
gle active value of type 7 in a ref-cell and replace all its
occurrences by its location in memory. This may be for-
malised by a transition semantics, in a manner similar to
[11], with a single-element global store with address wo. This
new language, where all updates are performed in-place, no
longer has any values of type 7: they are all replaced by
values of type 7 ref. As there is a single address in the
memory, there is only one value of type 7 ref : wo. Thus,
M :int — int — T ref — 7 ref and S :int — 1 ref — int.
The transition semantics with a global representation for the
value of type 7 is given as follows,

plwo, A). E[(Az. M)V] => p(wo, A). E[M{z/V}]
plwo, A). E[M 1 ;3 wo] = p{wo, A'). E{wo]

where A’ = §(M, 1,3, A)
p{wo, A). E[S i wo] = p{wo, A). E[j]
where ) = (8,1, 4)

Just as for —, == denotes the n-fold composition of
the transition relation ==-. Obviously the == transition
relation is a deterministic operational semantics.

The safety of in-place updates can now be conceived as
follows: Consider a single-threaded term M. By Lemma 2.3
it contains exactly one value A of type 7. Consider a term
M’ obtained by replacing all occurrences of this value A by
wo. Then at every stage in the evaluation of p{wo, A). M’
under the = semantics, replacing wo in the term by its
value in the memory must exactly match the term obtained
from the evaluation of M under the — semantics.



{wo/4}

Definition: M’ =~ M iff M'{wi/A} = M and
M{A/wo} = MI.

Theorem 3.1 (In-place Updates are Safe) Consider a
closed single-threaded term Mi such that Mj {w"J‘_!A} M.

If My =~ M; and p(wo, A).Mi == p{wo, A').M}, then

M} {wo/A } M)}

Proof: We need to prove the substitution property for
a one-step transition, the rest follows by induction. This is
because by Lemma 3.2 single-threadedness is preserved over
transition.
There is only one important case to be considered:
EMizA] — E[A"]
p(wo,A).El[Miij] = p(’wo,A’>.El[wo]
By assumption E'[ ] tugfat E[], ie E'[ Hwo/A} = E[ ]
and E[ [{A/wo} = E'[]. As[]is a redex of type 7, by
Lemma 2.1, E[ ] does not contain the value A of type 7.
Therefore E[ | = E[ ][{A/wo}. As E[] and E’[] are related
by a renaming substitution, E'[ ] contains no occurrence of

wo. Hence,
E'[{wo/A} = E'[] = E[] (1)

Al
We need to prove that B[] t 0/ ’

E'[H{wo/A’} = E[]. As E'[] contains no occurrence of
wo, E'[ H{wo/A'} = E'[]. Hence by (1) E’'[ [{wo/A'} =

E[], ie.

E[]{A"/wo}

Lemma 2.1, _[]
. Hence E[ {

E[J{A'/wo} = E

s []is a redex of type T, by
ot contain the value A’ of type
= E[]. Thus by (1) we have

E'T] A
'fwo} =
1

0

4 Extending the Language with Control Operators
4.1

We would like to extend the language with two control op-
erators. One of them is the if-then-else statement and the
other is the call with current continuation. The definition of
single-threaded terms can be extended in a straight-forward
way to accommodate the if-then-else statement. To prove
that in-place updates are safe, when a term satisfies the ex-
tended definition, we present a translation of an ¢f-then-else
term M to a term M’ in the original language such that M’
is single-threaded iff, M is single-threaded by the extended
definition.

In the presence of continuations in-place updates of
single-threaded terms are unsafe. A simple extension of the
definition of single-threadedness, though fixing the problem,
turns out to be too restrictive. Hence we impose a run-time
condition on the evaluation and prove that if this condition
is satisfied, in-place updates, in the presence of continua-
tions, are safe.

Introduction

4.2 The if-then-else statement

The if-then-else term is a basic control operator present in
most call-by-value langunages. The conventional semantics
for an if-then-else statement involves a boolean value. In

286

our language it is assumed that booleans are generated from
pre-defined functions on int, like ‘=", ‘#’, ‘<’ etc.
The extended language is defined by the grammar:

M o= 1|o|A|MI|S| e M| MM
| if (M1 P M) then M; else M,
P = £ =]<]...

The standard operational semantics is as follows:
if true then M; else My — M,

if false then M, else My — M,

Let M = if (M1 P M) then M; else M. From the op-
erational semantics it is seen that both M; and M; are eval-
uated before either M3 or M, is, and exactly one of M3z, My
is evaluated. Thus condition A(1) for single-threadedness
should not consider M3 and My as disjoint terms. Also as
M, and M, are of type int and are evaluated strictly be-
fore M3 and M4 condition A(1) should not consider M; /Mo
disjoint from M;/M,.

F'[], as defined below, is an extension of F[]. The con-
text F''[] defines active terms in the extended language.

P[] ] (ETDM | M(PL)
| if (F'[] P Ma) then M; else M,
| if (M1 P F'[]) then M; else M,
| if (M1 P M3) then F'[] else My
| if (M1 P M,) then M; else F'[]

We define a new context [ ] to conveniently refer to an
active term in the if part of the conditional.

)M
P

G == (F1PM)| (M PF'])

A revised version of condition A(1) is as follows:

A. Non-Interference

1. If N is of type 7 then if N contains disjoint active

sub-terms N1 and N; of type 7, then:
e Ni=N= A, or
e N; = Ny = v for some variable v, or
o (if ... then F,[Ny] else F3[N]), or

(if G'[N;] then F3[N;] else .

(if G’[V:] then ... else F;[N]), is an active
sub-term of V. If A; : 7 is an active value in Ny
and A; : T 1s an active value in N, then A; = Az

.), or

But a revised condition involves revising the proofs given
in the previous section. Hence we try to give the if-then-
else statement a new syntax so that it can fit into the old
framework. The pre-defined function ‘=’ is removed from
the language and instead we introduce a function P—? which
returns a projection function instead of a boolean value, i.e.

P-iir— Az.Ay.

Poij— Az Ay .y, ift5#)

2 As this 1s a simply-typed language, technically, we are introducing
a set of functions P2 for every type 7, such that, P2 14 - Az Ay .
ne,



Similarly the set of functions P¢ and Py are defined: true
corresponds to first projectior and false to second projection.

Thus the term,
if(s = t) then (M1 : 3) else (M2 : 7)
can now translated to,
[P= st (Qw.M1) Qw.M2)] )

where w € Fv(M;)U Fv(M;) and () is new value of type
unit. A dummy abstraction and application on M; and M,
is required because the language is call-by-value.

The above translation is faithful to the operational se-
mantics but may fail to be single-threaded when the origi-
nal term is. This is because by Condition B(2), if the term
(Aw : unit. M) is single-threaded, then M; can have no
active sub-term of type r. Hence a translation involving an
abstraction variable of type unit may not work.

Let M = if (s t) then M; else M, be a sub-term
of a single-threaded closed term N. A translation of M is
defined by cases:

¢ There is no enclosing A for M in N, i.e. M is active in
N. Since M is closed, if M, does not contain a value
of type 7 then M, is not of type 7. Thus if a value of
type 7 is not present in M the following representation
is single-threaded iff M is,

[P: s ()\xM]) (AxMz)] ()

If a value A of type 7 is present in M then the following
representation is single-threaded iff M is,

[P= st (Az.M1) (Az.M2)] (A)

This is because, by the modified Condition A, the
closed single-threaded term M has exactly one value
A of type 7.

Az. i1s the nearest enclosing abstraction for M in N,
ie. N=...(Az.F'[M]).... Then the following repre-
sentation is single-threaded iff M is,

[P= st (Az.M1) (Az.M?2)] (z)

If « : 7, where n # 7, then by Condition B(2) M;
and M, do not contain active terms of type . Hence
(Az.M1), (Ax.M3) are single-threaded.

If £ : 7 then by Condition B(1), both M1, Mz do not

contain values of type 7 nor a variable of type r distinct
from z. Thus (Az.M1),(Az.M2) are single-threaded.

4.3 First-Class Continuations

We next extend the language with the control operators,
letcc and throw. Due to technical reasons the construct letcc
is chosen over the more traditional callcc. The extended lan-
guage, of terms M and values V, is defined below:

M = z|i|A|de M| MM | M]S|
letce k in M | throw
V o u= 1|z |A|M|S| Mi| Mij| S|

|
Az.M | throw | throw (Az.M)
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The operational semantics for the new constructs are as
follows:

Elletce k in M] — E[M{k/(Az. E[z])}]
Efthrow (Az. M) V] — M{z/V}

The additional typing rules involved are:

I' kigcont F M :
T'F letcckin M

T' - throw :

The standard definition of single-threadedness depends
on the types of the terms and not on the terms and con-
structs themselves. Thus the earlier definition still applies
to the terms of the language extended with the constructs
letcc and throw. Under this operational semantics
single-threadedness is not preserved. This is because of the
letcc transition. Consider a single-threaded term N, where
N % Elletce k in M]. If E[letcc k in M] is single-
threaded and [] is of type 7, then by Lemma 2.1, E[] con-
tains no term of type 7 disjoint from []. Hence (Az. E[z]) is
single-threaded. But if [ ] is not of type 7, E[] may contain
terms of type r disjoint from [ ]. Thus the captured con-
tinuation (Az. E[z]) may contain values of type 7. But this
violates Condition B(2) as (Az. E[z]) is of type g1 — 72,
where m Z 7.

Figure 2 presents a counter-example demonstrating that
in-place updates are not safe in terms imitially single-
threaded. In term (1) in Figure 2 the captured continua-
tion k = (Af. fA) contains a value A of type 7. Thus the
continuation to which % is bound is not single-threaded. Per-
forming the updates in place returns the value A’, instead of
the correct answer A. The term is initially single-threaded,
but as the captured continuation is not a single-threaded
abstraction, the instant letcc is executed the term loses its
single-threadedness. The source of the problem is the fact
that a captured non-r continuation may fail to be single-
threaded, i.e. may possess a value of type 7.

The obvious solution is to disallow such continuations.
This solution is inordinately restrictive on programs. For
example, let 7 = int array. Then consider the term
(update 4 (letec k in M) A). The term M is a simple
arithmetic expression which takes in a continuation & to
short circuit the evaluation when we have a multiplication
by 0. This program, however, must be disallowed as k will
be bound to (Az. update 4 x A), which contains a value of
the type int array. In many programs continuations are
captured for such short-circuit operations and they must be
likewise disallowed. Hence the obvious solution is not ac-
ceptable.

As it is our aim to allow continuations to contain values
of type r, denoting a captured continuation by (Az. E[z])
will always violate Condition B(2). So we introduce a new
binding construct for continuations Cnt. The continuation
(Az. E[z]) i1s now represented as (Cnt z. E[z]). Just like
A, terms enclosed by Cnt are not considered active. The
revised clauses for the operational semantics are:

Elletcc k in M] — E[M{k/(Cnt z. E[z])}]
E[throw (Cnt z. M) V] s M{z/V}
An additional typing rule is required:

I'x:m FM: n
I' b (Cnt x. M) : 7 cont

n
n

meont — m — N




[letee &k in (As1.(As2. M (throw k (Az.z)) 4 52
[(As1.(As2. M (throw (Af. fA)(As.z)) 4
(As2. M (throw (Af. fA) (Az.z)) 4 s2) (

~—
Pt

(throw (Af. fA) (Az.x)) 4 A']

f\r—ﬂr—u—|

(
[(As2. M (throw (Af. fwo) (Az.z)) 4 s2)
[M (throw (Af. fwo) (Az.z)) 4 we]
(Az.x)wo

p(w07

plwo, A
p{wo, A
o

'LUO,

MHH} ITTTTI

-
-
-
) w

(1)

(ASZ M (throw (Af. fA) (Az.z)) 4 s2) A, where A= 8(M, 1,4, A)

wo, A). [letce k in (As1.(As2. M (throw k (Ar.z)) 4 52))(M 1 4 s1)]w
plwo, A). [(As1.(As2.M (throw (Af. fwo)(Az.z)) 4 s2})(M 14 s51)]wo
(wo,A) [(As2.M (throw (Af. fwo) (Az.z)) 4 s2) (M 14 wo)]
wo] , where A' = §(M, 1,4, 4)

Figure 2: A violation of safety of in-place updates

The rest of the typing rules are exactly the same as before.
Let a term M be single-threaded when it satisfies the con-
ditions A and B defined in Section 2. Thus (Cnt z. N) is
single-threaded when N is. This is intuitively what it should
be, because when the execution of N begins the surrounding
context is thrown away completely. It is important to note
that Lemma 2.3 does not hold anymore. All occurrences of
abstract values of type = need not be active and need not be
the same value. A single-threaded term in this language may
contain several different values of type T (of course, exactly
one of these values is active). In the counter-example given
previously, it is seen that single-threadedness can no longer
guarantee that if we start with a term with exactly one value
of type 7 then the term will continue to have exactly one
value of type 7. Notice that if the captured continuation in
Figure 2 is represented as (Cnt f.fA), the term retains its
single-threadedness.

Definition: In a term (letcc k in M), the sub-term M 1s
considered as the syntactic scope of the variable k.

A variable k ‘escapes’ a syntactic scope M if, during the
evaluation of M, k or a closure containing k, is returned as
a value or is passed as a parameter to a free variable in M.
Consider the single-threaded expression (letcckin ). I k
is a non-7 continuation then M is not of type 7. By single-
threadedness, M does not contain an active mutating oper-
ation. If k does not escape its syntactic scope, then, even
if k captures a continuation containing a value of type T,
in-place updates should be safe. This is because all points
of application of & are contained in its syntactic scope, the
body of M, which contains no active mutating operations.
In fact, if no continuation escapes its own syntactic scope
then it is possible to define an operational semantics in which
it is not necessary to bind a continuation to a variable. This
is described in [6]. In this case, as there are no captured
continuations, single-threadedness is retained all along.

Actually we can do better: suppose

M 2. Elletce k in N]

Let us assume that E[letcc k in N] does not contain any
captured continuation. If k is a non-r continuation then
N does not contain an active mutating operation. If no
continuation captured within N escapes the syntactic scope
of k, the body of N, then in-place updates should be safe.
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Within the syntactic scope of k, it is not necessary to restrict
captured continuations from escaping their own scopes. A
formal presentation of the correctness of this idea is given
in the next section.

5 Non-Escaping Continuations

5.1 Operational Semantics

The operational semantics given in the previous section does
not keep track of the scope of the captured continuation. As
discussed earlier, at any instant it is necessary to keep track
of the scope of a single non-7 continuation: the outermost
one. Let us dencte it by (Cnt 2. ¢1), where ¢; is a special
symbol not used anywhere else in the program. The actual
continuation denoted by ¢ is carried around with the term
as an explicit context E[]. Thus the operational semantics
is defined on a pair (M, L), where M is a term and L is
a list of terms at most one element long. L, if non-null,
contains the continuation E[] denoted by ci. As we are
concerned exclusively with non-7 continuations, the terms of
type Tcont are labelled: (letcc k: rin ...), (Cntk:7. ...).

To represent the concept that no non-7 continuation in
a syntactic scope escapes, a predicate Non-Tau-Freecis de-
fined on terms. This predicate is true if there are no non-7
continuations present in a term, i.e. all the continuations in
the term are of the form (Cnt k : 7. ...). When a value is
thrown to the continuation denoted by c; or the syntactic
scope of the continuation denoted by ¢; evaluates to a value,
the predicate Non—Tau—Free ensures that there are no non-r
continuations in the value.

A non-standard operational semantics is presented in
Figure 3. The intent of this non-standard operational se-
mantics, containing clauses with guards, is to present a run-
time condition for the safety of in-place updates. Hence
programs that can be statically proven to satisfy these con-
ditions, at run-time, must allow safe in-place updates.

5.2

Definition: An evaluation context E[ ] is defined single-
threaded, if (Cnt z. E[z]) is single-threaded. E[ ] is of
type n cont if [ ] is of type 7.

In-place Updates are Safe

The following two lemmas are proved with the fact that
values, not of type 7, do not contain active values of type 7,



(B[(Az. M)V], L)

(BE(Mij Al L)

(Efletcc k : 7 in M], L

)
)
(Elletec k in M] , nal)
)
)

(Elletce k in M], [E]]) —.
(E[throw (Cnt z : 7. E'[z]) A], L) s
(E[throw (Cnt 5. E'[s])) V], L)
(E[throw (Cnt z.¢1) V], [E'T]])
V', E[l) s

(V, nil) s,

(E[M{z/V]], L)

(E[A], L) where A’ = §(M, 3,3, A)
(B[], L) where ) = §(8,i, A)
(E[M{k/(Cnt z : 7. E[z])}], L)
(M{k/(Cnt z. ci)}, [E[]])
(E[MA{k/(Cnt =. E[=])}], [£'[])
(E'[4], L)

(E'V], L)

(E'[V], nil) if Non-Tau-Free(V)

(E[V], nil) if Non-Tau-Free(V)

|4

Figure 3: Operational Semantics

and the use of Lemma 3.1, which is still valid in the extended
language.

Lemma 5.1 If E[] is a closed single-threaded contest of
type i cont, and V : 7 is a single-threaded value, then E[V)
is single-threaded.

Lemma 5.2 If Elletcc k in M] is a closed single-threaded
term, then E[M{k/(Cnt z. E[z])}] is also single-threaded.

The following lemma is crucial for the safety of in-place
updates:

Lemma 5.3 Consider a closed single-threaded term No n
Muser.
If (N0>[]) g (Nl s Ll) —a (N2 , L2)

The following are invariant over transition:

1. N, is single-threaded

2. If N, : 7, then Non-Tau-Free(N;)

3. If L, = [E[]], then Non-Tau-Free(E[]) and E[] is
single-threaded.

4. If L, = [E[]], then N, is not of type 7.

5. If L; = nil, then Non-Tau-Free(N,)

Proof: By case analysis, using Lemmas 5.1-2 and Subject
Reduction Theorem for Types. m}

Lemma 5.4 Consider a closed single-threaded term Ny in

Muger. "
If (No,(l) /s (...(Cntz:7E[z])..., L1) then E[x]

contains no value A of type T, active or otherwise.
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Proof: By induction on the step m in which a continuation
of type 7 is generated. It is to be noticed that terms of the
form (Cntz : 7. ...) are not generated anywhere except at
the letee k : 7 redex. Let,

(No,[]) =>. (M = Elletcck:rin .. ], ).

Let (Cnt z : 7. E[z]) be generated during the next transition.
By single-threadedness M must be of type r. Hence by
Lemma 5.3, Non-Tau-Free(M) and L = nal.

The continuation (Cnt = : 7. E[z]) is a closed value. By
Lemma 2.1, £]] contains no active terms of type 7, thus no
active values A. As M is single-threaded, values of type 7
can only be found in captured continuations within 3. But
Non-Tau-Free(M), therefore E[] has no non-7 continua-
tions. Any continuation of type r present in E[] must have
been generated earlier. By the induction hypothesis they do
not contain values of type 7, active or otherwise.

a

A theorem analogous to Theorem 3.1 can be stated re-
garding the safety of in-place updates in the presence of
non-escaping continuations.

Theorem 5.1 (In-place Updates are Safe) If
(Fo , mil) ——=¢ (F1, Li) — (F:, L) and
pl{wo, A”Y.(Fy , mal) =, plwo, AYAF{ , L)
= p{wo, A).(F5 , L3).
If Fy is single-threaded and Fy Fy, then this sub-

stitution property is invariant over transition, i.e.

W, ! wg A
7 By anany UL 1L

{woLA’I}

Proof: The proof is by induction on the length of the
transition. By Lemma 5.3, single-threadedness is preserved.
Hence we only need to prove that if the substitution prop-
erty holds for (£1 , Li) then it holds for (F2» , L2). Let
iy = Ey[Mi]. As wo 1s a special variable different from



bound variables and no redex except mutation changes the
contents of wp, the substitution property is trivial for all
redexes except the mutation redex. If F, is single-threaded
and contains an active redex of type 7 then F, : r. By
Lemma 5.3, If F, : 7, then Non-Tau~Free(F,)and L, = nil.
In the case of the mutation redex,

o (EIMijyA], []) — (E[4A], [])
plwo, A). (E'[M ¢ 3 wo]
p(’LUo,A,). (E,['wo] ) [])

{wo/A}

1)

=5

By assumption E'[ ] E[]. To prove the sub-
stitution property, we must show that E'[ |{wo/A’'} =
E[]. By transitivity this is the same as proving
E'TH{we/A'} = E'[ {wo/A}. Hence if £'[ ] does not
contain any occurrence of wo, the property holds. But
if E'[ ] contains an occurrence of wo, then E{ ] contains
an occurrence of A. There are two possible cases:

— A is an active value of type r: this immediately
violates Lemma 2.1, for single-threaded terms.

— A is not an active value, hence by Lemma 5.4
must be enclosed in a non-7 continuation. As
R (E[MijA]) is of type 7, by Lemma 5.3,
Non-Tau—Free(Fy). Thus F; has no non-r con-
tinuations. Thus E'[] cannot have an occurrence
of wp enclosed in a non-7 continuation.

[}

6 Static Analysis of Programs

6.1 First-Order Continuations

Continuations of type n cont, where 5 is not of a function
type or continuation type, are termed as first-order contin-
uations.

Theorem 6.1 Let M be single-threaded term where all
letcc terms capture first-order continuations. Ewaluation
of the term M with in-place updates 15 safe.

Prooft By Theorem 5.1, if transitions are made un-
der the non-standard operational semantics defined in Sec-
tion 5.1, then in-place updates are always safe. As certain
transitions are not allowed in the non-standard operational
semantics, it i1 a restricted version of the standard oper-
ational semantics. But a term with first-order continua-
tions will not be restricted by the non-standard semantics:
it never gets ‘stuck’. This is because there are two clauses
with guards:

(E[throw (Cnt z.¢1) V], [E'[]]) +—
if Non-Tau-Free(V)
(v, B)) =, (EV], nal)
if Non~Tau—Frec(V)

(E'IV], nil)

As all continuations are first-order, the value V does
not have a closure nor is it a continuation, hence
Non-Tau-Free(V) always holds. Thus if M evaluates to
a value under the standard semantics, it also evaluates to
the same value under the non-standard semantics. An ap-
plication of Theorem 5.1 now gives the required result.

O
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signature CPS = sig
eqtype var
datatype value

VAR of var

|INT of int

datatype primop =
* | =+ | div ] |
<l<=1>1>1-=

datatype cexp = APP of value # value list

| FIX of
(var * var list * cexp) list * cexp
| PRIMOP of
primop * value list * var list #*
cexp list

end
Figure 4: The CPS data-type

In the presence of higher-order continuations a term M
evaluating under the non-standard semantics may get ‘stuck’
because of the guards to the two transitions. Theorem 5.1
guarantees that if a term does not get ‘stuck’ when evaluat-
ing under the non-standard semantics then in-place updates
are always safe. A term under evaluation fails to satisfy
the gunard only if a non-r continuation attempts to escape
the scope of the outermost non-7 continuation enclosing it.
Hence the strategy of the static analysis is to ensure that
a non-t continuation does not escape the syntactic scope of
the outermost non-7 continuation enclosing it.

6.2 The CPS Language

In this section we describe a technique to statically anal-
yse programs to determine whether they contain escaping-
continuations. The language for this data-flow analysis is
the CPS data-type that is the language used by the Stan-
dard ML of New Jersey Compiler [1]. The use of a different
language is not an overhead as the analysis is to be used by
the compiler itself. The advantage of using this language
for analysis is the fact that all intermediate terms are val-
nes which have names, and letcc and throw are changed into
function applications. A description of the language is given
in Figure 4 as a SML/NJ signature.

The conditional is expressed as two continuations asso-

ciated with the PRIMOP ' ='

PRIMOP(=,[a,b],[],[C:1, C2])

The convention being that if the equality indeed holds be-
tween ¢ and b, then C; is executed otherwise C; is. The
language allows functions defined within a FIX to be recur-
Sive.

This language does not contain callcc/letce operations,
as continuations are passed around as arguments. Figure 5
gives a translation of A-terms into the CPS data-type, by
a recursive function F. F is defined on an object language
where an abstraction is represented by F N, applications are
represented explicitly by a constructor A PP, recursive func-
tions use an explicit FIX and variables use the constructor
VAR. The translation of a term M, in the object language,
is performed by calling F(M, (fnz => z)).



6.3 A Simple Analysis

The fundamental problem with higher-order analysis of
functional programs is termination [5]. Theorem 5.1
presents a very liberal condition for safety of in-place up-
dates. From the translation F it is seen that for every term
(letce k1 in M), we are going to have the term:

FIX( [ (k,[z],c( VAR ),
(f, [kh kZ]’ N)

APP(f,[VAR k, VAR K]))

where N = F(M, z.APP(VAR k;, [z]))

The strategy for static analysis is to first locate every
syntactically outermost declaration of a nen-r continuation.
Let (letcc k; in M) be one such declaration. We must
ensure that k1 does not escape its syntactic scope. Asseen in
the definition of the term N, above, the F-translation of M
is made with the initial continuation, Az. APP(VAR k2, [2]).
Thus any captured continuation in the body of M must
contain k; in its closure. As explained at the end of Section 4
it 1s also necessary to ensure that no captured continuation
in the body of M escapes the scope demarcated by M. In
the F-translation this is equivalent to stating that k» does
not escape the scope of N = F(M, z. APP(VAR ks, [z])).

Our static analysis returns a set of functions that may
escape the syntactic scope demarcated by M. If these escap-
ing functions contain k1 or k3 in their closures then either k;
or any continnation captured in the body of M may escape:
hence, in-place updates are conservatively declared unsafe.
If neither k1 nor k2 escapes, then static analysis will have
to be repeated for every escaping function. This is because
a declaration of a non-7 continuation, P = (letcc k in ...),
in an escaping function, may become the outermost letec
term at run-time.

The question whether captured continuations, in the
scope demarcated by M, escape becomes the question as
to whether k; or k2 escapes N. The key step in the solution
1s control-flow analysis, i.e. computing the set of defined-
functions/free-variables to which a formal parameter of a
function may be bound at run-time. The technique em-
ployed is similar to the one used in [9]. If a function escapes
then we would like to know whether its closure contains ei-
ther k1 or k;. But a statically computed closure contains
free variables. Hence we have to use the control-flow infor-
mation to find out whether a closure contains the variable %
or k2. This will be an iterative computation as a statically-
computed closure may contain the variable k1 or ko, or it
may contain a parameter that may be bound to k; or k2, or
it may contain a closure which may contain k; or k2, and so
on recursively. This information is computed simultaneously
with the control-flow data.

The flat closure associated with a function is the set of
free variables present in the function body. In the absence of
mutual recursion, flat closures can be computed in a single
pass. All the PRIMOPs in the language take non-function
arguments and return non-function results. Since we are
interested exclusively in functions that escape, these non-
functional terms are ignored. The function CLOSURE, as
defined in Figure 6, returns a tuple: set of free variables
of the term, and a function CL which maps every defined
function to its flat closure.

Let (., CL) = CLOSURE N
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Notation:
o FV(N) denotes the set of free variables of N.

{a— S} u{a— S} ={a (51U S2)},
if S1 and S are sets.

{e— i} u{ar o} = {a—(B1V42)},

if 51 and B, are boolean values.

V/(S) is the disjunction on a set S, of boolean values.

(A~ B—-C)= ((A- B) —C), i.e. the set difference
operator is assumed to be left associative.

Control-flow analysis is done by a function CONTROL
which takes in four parameters: a term 7, and functions
CL, C and 7. The function CL is the mapping of function
names to their flat closures. The function C maps a param-
eter of a function to a set of functions to which it may be
bound at run-time. The function 7 maps a function name
to true, if its closure at run-time contains k; or k2. 7 maps
a parameter to true, if it may be bound to a closure contain-
ing k1 or k2. By default, it is assumed that C maps defined
functions to themselves and 7 maps k1 and k2 to true. The
function CONTROL, as defined in Figure 7, returns a tuple
containing updated versions of C and 7. Control-flow analy-
sis begins with (CONTROL N CL (fn - — ¢) (fn_ — false))
and terminates when CONTROL N CLC T = , T
Iteration to fixed point of this routine must termxnate, as
each parameter of a defined function can be bound to only
finitely many defined functions.

Once the functions C and 7 have been computed, we can
compute the actual escape points of the term N. Escape
points within N are points where there is an application to
a free variable within N. To ensure that neither k1 nor ks
escape, all we need do, is verify that the arguments supplied
at the escape points have their 7 value false. A function
ANALYSE is defined, which takes in a term and the function
C, and returns the set of escaping functions of the term.
As the control flow information is already available we can
get more sophisticated than ANALYSE and throw out the
escape points associated with functions that are not used.

o ANALYSE PRIMOP(P, Iy, i, [ti,...,ta)) C
_ Let Vs, A, = (ANALYSE t, C)
in (Urzy A = {le} = {})
¢ ANALYSE APP(VARf , [h, ..., ) C
if (FV(N)NC(f)) # ¢
= then J, CU
else ¢
e ANALYSE FIX([(91,%%,%1),-.,(gn, ¥, ta)], to) C
_ Let Vi, A, = (ANALYSEt, C)
= i (U, A) U (ANALYSE ¢ C)
Let A = (ANALYSE N C). If [\/(T A) = true] then

either k1 or k2 escapes. If neither k1 nor k3 escapes then the
analysis has to be repeated for the body of every function
in A.
Notation: %k : n cont denotes a non-r continuation vari-
able, Len & 1



F(VARv, c) = ¢ VARv)

F(FN(v, E),c) = FIX([(f,[v, k], F(E, A\2.APP(VAR k,[2))))], ¢( VAR f))
F(APP(PRIM throw, E),c) = F(E, Ne.FIX([(f, [z, ], APP(k,[ VAR z]))],c( VAR f)))
F(APP(F,E),c) = FIX([(r, (2], c( VAR @))], F(F, Af.F(E, Ae.APP(f,[e, VAR ]))))

F(FIX(f,FN(v,B), E),c) = FIX([(,[v, k], F(B, \z.APP(VAR k,[z])))}, F(E, c))

F(LETCC(k1, F), ¢) = FIX( [ (k,[z],c( VAR ),
(£, k1, k2), F(F, A\z.APP(VAR k3,[2])))

]’
APP(f,[VAR k, VAR k]))

Figure 5: Translation to CPS

CLOSURE PRIMOP(P , Iy, 01, [t1, ... sta])
Let Vi<n (S;, CL,) = (CLOSURE t)
in (U=y Si — {lo} — {L}, LI CLy)
CLOSURE APP(VAR f, [li, ..., ln])
= ({f}U{llaaln}>¢)
CLOSURE FIX([(91,%1,t1),--,(gn>Unrtn)] 5 1)
Let VYi<n (S;, CL;)=(CLOSURE ¢t
= (5, CL) = (CLOSURE 1)
in (SULL(S:i = {@i, ¢:}) , CLUEL(CL, U (g: = (8: — {T, 9:}))))

Figure 6: Computing the Closure

CONTROL PRIMOP(P , Iy, l1, [th, ...,ta]) CL Co T
LetVi<n (C;,T;) = (CONTROL t; CL Ci-1 7Ti-1)

in (Cpn , 7p)
¢ CONTROL APP(VAR f, [lh, ..., L)) CL C T
Let - = Vgel(f) ifg =(VARM, [oq,...,a,))
- then C — C U?:l{a’i b C(lz)}
T — TUe{os — VT(C L)}
in(C,7)
e CONTROL FIX([(g1,91:t1),-«s(gnyUnstn)] , o) CL Co T
Let (C1,71) = CONTROL t; CL Co Tp
= Yi>1 (C;,7;) = CONTROL t, CL Ci—y (Zi-1 U (gi-1 — V T(CL g;-1))
in CONTROL ty CL C, (ToU (gn+—V T(CL g,)))

Figure 7: Control Flow Analysis
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The algorithm for static analysis can be summarised as
follows,

Static_Analyse(M);
{

stack nl ;
For every outermost term of the form
(f, [k1:m cont, kp : 57 cont], N)in M
stack = (f, [k1,k2], N) :: stack;
While (stack # nil) do
{

(f, [k, k2], N) = hd stack;

stack = tail stack;

(-, CL)=CLOSURE( N );

(C,T)=CONTROLNCLCT ;

/* Fix Point Computation */

S = ANALYSE N C ;

1t /(T (S))

then return ( In-place updates are unsafe )

else For every function ¢ € S, defined within N

For every outermost term of the form

(f, [k :n cont, k2 : n cont], N)in ¢
stack = (f, [ki, k2], N) :: stack

return(In-place updates are safe);

}

7 Relation to Existing Work

A different approach to safe in-place updates is taken in [3].
In that paper a non-standard semantics is defined for a first-
order language, where the store keeps an explicit count of
the number of references to a value of the abstract data-type.
Any term which is single-threaded by the criterion presented
here can have safe in-place updates when analysed by Hu-
dak’s criteria. In alanguage with multi-argument first-order
functions with a strict left-to-right evaluation the criterion
presented here can be improved. But even with an improved
criterion the reverse containment does not hold. This is be-
cause while the criterion presented here is strictly context-
free, Hudak’s criterion uses information about the call-sites
of the function. Let P =(Az. M): 7 — n, wherep# 7, be a
single-threaded term. M cannot contain an active mutating
operation. But if in all positions where P is used there is
no subsequent use of a value of type r then in-place muta-
tion in M should be safe. This can be detected by Hudak’s
analysis.

The analysis considered in [3] does not extend in a
simple-way to handle callcc and throw. The source of the
problem is throw. This is because the current context is
thrown away during the throw operation and thus reference
counts of memory locations drop by an arbitrary number.

8 Conclusion

A simple condition is presented for the safety of in-place up-
dates in purely functional programs with higher-order con-
trol operators. The verification of this condition takes no
more time than required to perform any other control-flow
analysis by the compiler. Thus there is no significant over-
head on the compiler to implement this optimisation. By
Theorem 6.1, if all continuations in a single-threaded pro-
gram are first-order, then in-place updates are always safe.
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As this is an extremely common case, it is seen that control-
flow analysis need not be performed for a large number of
cases.

An important extension of the above work, is to present
it as an abstract interpretation of the A-calculus and then
present a finite or computable abstraction of the interpreta-
tion. In many situations it is desirable to have a type system
which can statically reject programs which do not allow safe
in-place updates. The analysis presented here is a static ap-
proximation of the run-time situation. In the presence of
control operators it is doubtful that a type system that is
not overtly constraining can be obtained.
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